Let G be a finite group. In [5], Hambleton, Taylor and Williams have considered the question of comparing Mackey functors for G and biset functors defined on subgroups of G and bifree bisets as morphisms. This paper proposes a different approach to this problem, from the point of view of various categories of G-sets. In particular, the category G-set of fused G-sets is introduced, as well as the category S(G) of spans in G-set. The fused Mackey functors for G over a commutative ring R are defined as R-linear functors from R S(G) to R-modules. They form an abelian subcategory Mack f R (G) of the category of Mackey functors for G over R. The category Mack f Z (G) is equivalent to the category of conjugation Mackey functors of [5]. The category Mack f R (G) is also equivalent to the category of modules over the fused Mackey algebra µ f R (G), which is a quotient of the usual Mackey algebra µ R (G) of G over R.
Introduction
This note is devoted to the frequently asked question of comparing Mackey functors for a single finite group G with biset functors defined only on subgroups of G and left-right free bisets as morphisms. The answer to this question has already been given by Hambleton, Taylor and Williams ( [5] ), but in a rather computational and non canonical way (in particular, in Section 7, the definition of the functor j • requires the choice of sets of representatives of orbits of any finite G-set).
The present paper makes a systematic use of Dress definition ( [3] ) and Lindner definition ( [6] ) of Mackey functors, to avoid these non canonical choices. This leads to the definition of the category of fused G-sets (Section 3), and the category of fused Mackey functors (Section 4) for a finite group G, which is equivalent to the category of "conjugation invariant Mackey functors" of [5] . This category is also equivalent to the category of modules over the fused Mackey algebra, introduced in Section 5.
Conjugation bisets revisited
2.1. First a notation : when G is a finite group, and X is a finite G-set, let G-set↓ X denote the category of (finite) G-sets over X: its objects are pairs (Y, b) consisting of a finite G-set Y , and a morphism of G-sets b :
There is an obvious notion of disjoint union in G-set↓ X , and the corresponding Grothendieck group is called the Burnside group over X. It will be denoted by B( G X), or B(X) when G is clear from the context.
Similarly, when G and H are finite groups, and U is a (G, H)-biset, one can define the category (G, H)-biset↓ U of (G, H)-bisets over U , and the Burnside group B( G U H ) of (G, H)-bisets over U . 
When
H is a subgroup of G, and Y is an H-set, induction from H-sets to G-sets is an equivalence of categories from H-set↓ Y to G-set↓ Ind G H Y . A quasi- inverse equivalence is the functor sending the G-set (X, a) over Ind G H Y to the H-set a −1 (1× H Y ) (see [2] Lemma 2.4.1). In particular B( H Y ) ∼ = B( G Ind G H Y ).
Now an observation
where A is a subgroup of H, and g is an element of G such that g A ≤ K. For such a transitive biset (K × H)/S, the map
is a morphism of (K, H)-bisets.
Conversely, let U be a (K, H)-biset for which there exists a biset morphism α : U → K G H . Then for any u ∈ U , the stabilizer S u of u in K × H is the subgroup
Let A u denote the projection of S u into H, and set g u = α(u). It follows that S u ⊆ S gu,Au .
Conversely, if (k, h) ∈ S gu,Au , then k = gu h, and there exists some 
where µ is multiplication in G. This composition is associative, and additive with respect to disjoint unions. Hence it induces a composition
Hence, one can define a category B(G) whose objects are the subgroups of G, and such that Hom B(G) (H, K) = B( K G H ), for subgroups H and K of G. Composition is given by •, and the identity morphism of the subgroup H of G in the category B(G) is the class of the biset
Since the functor Φ maps the composition • to the composition of bisets, and the identity morphism of H in B(G) to the identity biset H H H , one can extend Φ to a functor B(G) → B(G), which is the identity on objects.
In other words, the category B(G) introduced in Section 3 of [5] is the quotient of the category B(G) obtained by identifying morphisms which have the same image by Φ. 2.6. By the above Remark 2.2, when H and K are subgroups of G, there is a group isomorphism
(with the usual identification of (K, H)-bisets with (K × H)-sets). Now the biset K G H is actually the restriction to (K × H) of the (G, G)-biset G. By the Frobenius reciprocity, it follows that
where • is a set of cardinality 1. Since Ind G×G K×H • ∼ = (G/K)×(G/H), it follows (after switching G/H and G) that
where the (G, G)-biset structure of the right hand side is given by
2.7.
It should now be clear that the additive completion B • (G) is equivalent to the category whose objects are finite G-sets, where for any two finite G-sets X and Y
the (G, G)-biset structure on (Y × G × X) being given as above by
Keeping track of the composition • along the above isomorphism shows that the composition in the category B • (G) can be defined by linearity from the following: if X, Y , and Z are finite G-sets, if
, respectively, their composition is given by the following (G, G)-biset over (Z × G × X) 
It is then easy to check that the composition of
In other words, the category B • (G) is equivalent to the category S(G) whose objects are the finite G-sets, where
and composition is induced by pullback. It has been shown by Lindner ([6] , see also [2] ) that the additive functors on this category are precisely the Mackey functors for G. 2.10. It remains to keep track of identifications by Φ, i.e. to start with a morphism f ∈ Hom S(G) (X, Y ), to lift it to
and see when f + lies in Ker φ. Now f is represented by a difference of two
By induction from ∆(G) to G × G, the G-set on the left hand side lifts to the following (
where the (G × G)-actions on G × Z and Y × G × X are given respectively by (s, t) · (g, z) = (sgt −1 , tz) and (s, t) · (y, g, x) = (sy, sgt −1 , tx), and where g, a(z) . 
where u is a map from Z to G and v is a map from Z to Z . Now for any (s, t) ∈ G × G, the equality θ (s, t) · (g, z) = (s, t) · θ (g, z)
gives
This is equivalent to u(tz) = t u(z) and v(tz) = tv(z) .
This means that u is a morphism of G-sets from Z to G c , which is the set G with G-action by conjugation, and v is a morphism of G-sets. It follows that f maps to the zero morphism in B(G) if and only if there exists u : Z → G c and an isomorphism v : Z → Z such that
of G-sets over Y × X, and f is also represented by the difference
These are the morphisms in the category S(G) that vanish in B • (G). In other words:
2.11. Theorem : Let G be a finite group. Let S(G) denote the quotient category of S(G) defined by setting, for any two finite G-sets Y and Y
where K(Y, X) is the subgroup generated by the differences Since the difference 2.12 factors as
the morphism vanishing in S(G) are generated in the category S(G) by the morphisms of the form 
Fused G-sets
Let Z be any (finite) G-set. The multiplication (u, v) → u * v endows the set Hom G-set (Z, G c ) with a group structure. Moreover, for any finite G-set X, this group acts on the left on the set Hom G-set (Z, X), via (u, f ) → u * f . This action is compatible with the composition of morphisms: if Y is a finite G-set, if u : Z → G c and v : Y → G c are morphisms of G-sets, then for any morphisms of G-sets f : Z → Y and g : Y → X, one checks easily that
Notation :
Let G-set denote the category of fused G-sets: its objects are finite G-sets, and for any finite G-sets Z and Y
The composition of morphisms in G-set is induced by the composition of morphisms in G-set. 
Remark : For any
G-set Y , set Y I = Y × G c .: Z → Y × Y factors as Y I p Z ϕ Y Y x x x x x x x x x (a,b) G G Y × Y for some morphism of G-sets ϕ : Z → Y I .
Remark :
It follows from 3.1 that the map u → u * Id Z is a group antihomomorphism from Hom G-set (Z, G c ) to the group of G-automorphisms of Z. Hence a morphism f : Z → Y in the category G-set is an isomorphism if and only if any of its representatives f : Z → Y in G-set is an isomorphism.
Weak pullbacks of fused G-sets.
Disjoint union of G-sets is a coproduct in G-set. There is also a weak version of pullback in G-set : let
~~~~~Z be a commutative diagram in G-set, where underlines denote the images in G-set of morphisms in G-set. This means that a • c = b • d, i.e. that there
But u * (a • c) = a • (u * c). It follows that there is a unique morphism e ∈ Hom G-set (T, X × a,b Y ) such that the diagram isomorphism of G-sets from X × a ,b Y to X × a,b Y , such that the diagram is commutative. The set of equivalence classes of spans of fused G-sets over X and Y is an additive monoid, where the addition is defined by disjoint union (i.e. Λ Z 1 ,a 1 
. The corresponding Grothendieck group is isomorphic to Hom S(G) (Y, X) .
It should be noted that even if there is no pullback construction in the category G-set, the isomorphism classes of spans in G-set can still be composed by weak pullback, and this induces the composition of morphisms in S(G).
Fused Mackey functors

Definition :
Let R be a commutative ring. Let R S(G) (resp. R S(G)) denote the R-linear extension of the category S(G) (resp. S(G)), defined as follows:
• The objects of R S(G) and R S(G) are finite G-sets.
• For finite G sets X and Y ,
• Composition of morphisms is induced by the pullback in G-set (resp. the weak pullback in G-set). Proof : Assertion 1 follows from the fact that F is left adjoint to the exact functor I. Assertion 2 is then straightforward. It follows from Corollary 4.7 that the functor (RB Ω G ) f is a progenerator in the category Mack f R (G). Hence this category is equivalent to the category of modules over the algebra End Mack f R (G) (RB Ω G ) f .
The fused Mackey algebra
Definition :
The fused Mackey algebra of G over R is the algebra
Lemma :
Let X be a finite G-set. Then (RB X ) f is isomorphic to the Yoneda functor Hom R S(G) (X, −).
an R-basis consisting of elements of the form
where (H, L, g, K) runs through a set of representatives of 4-tuples consisting of two subgroups H and L of G, and element g of G, and a subgroup K of H ∩ g L, for the equivalence relation ≡ given by 
